It is a common thought that mathematics can be not only true but also beautiful, and many of the greatest mathematicians have attached central importance to the aesthetic merit of their theorems, proofs and theories. But how, exactly, should we conceive of the character of beauty in mathematics? In this paper I suggest that Kant's philosophy provides the resources for a compelling answer to this question. Focusing on §62 of the 'Critique of Aesthetic Judgment', I
Introduction
It is a common thought that mathematics can be not only true but also beautiful, and some of the greatest mathematicians have attached central importance to the aesthetic merit of their work. Many have derived aesthetic pleasure from mathematical research, pointing out the incomparable beauty and elegance of particular theorems, proofs and theories. As the French mathematician and theoretical physicist Henri Poincaré put it, mathematical beauty is a 'real 2 aesthetic feeling that all true mathematicians recognize. ' 1 While talk of beauty in mathematics may be commonplace, however, the notion of mathematical beauty raises serious questions.
How, exactly, should we conceive of the character of such beauty? In what sense can we meaningfully speak of the objects of mathematical investigation as appealing to us aesthetically? Is beauty a property of mathematical objects or statements, or is it a subjective response particular to the perspective of the mathematician? How, in sum, are we to make sense of judgments concerning the beauty of mathematics? 2 My aim in this paper is to show that Kant's philosophy provides the resources for a compelling answer to these questions. More specifically, I argue that on the Kantian account I develop beauty in mathematics is a non-conceptual response felt in light of our own creative activities involved in the process of mathematical reasoning. This proposal may come as a surprise. For, according to the standard conception, Kant's aesthetics leaves no room for beauty in mathematics. This is because Kant claims that judgments of beauty are essentially concerned with feeling and non-conceptual reflection rather than rational cognition, while such cognition is, on the face of it, the aim of mathematics. Indeed, Kant himself draws some strikingly negative conclusions concerning the possibility of beauty in the mathematical and physical sciences, claiming in the Critique of Judgment that there is 'no beautiful science, but only beautiful art'. 3 In light of this, many conclude that the Kantian has little of interest to say about beauty in mathematics and the sciences more broadly. 4 As a recent commentator summarises, Kant 'famously breaks with tradition in declaring that there can be no "beautiful science", nor a "science of the beautiful", because the pleasure that is characteristic of the free play of the faculties in reflective judgment [of beauty] is not to be found in the exercise of determinative judgment in science'. 5 In the following, I aim to show that this standard conception overlooks an important insight offered by the Kantian position. In particular, I suggest that the Kantian proposal I develop provides a promising alternative to widespread Platonist convictions that can be found among many mathematicians. 6 According to the Platonist approach, the experience of mathematical beauty is a particular intellectual insight into fundamental structures of the universe. The distinctive Kantian proposal I advance in this paper, by contrast, consists in the view that the experience of beauty in mathematics is grounded not in an intellectual insight into particular properties of mathematical objects but in our felt awareness of the imaginative processes that lead to mathematical knowledge. The Kantian account I propose thus offers to elucidate, as the Platonist approach does not, the connection between aesthetic reflection, creative imagination and mathematical cognition.
3
In order to argue for these claims, I focus on a surprisingly under-studied section of Kant's Critique of Judgment. In §62 Kant makes three key claims concerning the possibility of beauty in mathematics:
(i) It is because of their unexpected purposiveness for cognition that the properties of mathematical objects are customarily regarded as beautiful.
(ii) Contrary to this customary conception of the beauty of mathematical properties, the purposiveness of mathematical properties does not indicate beauty but a form of perfection.
(iii) While mathematical properties themselves are not beautiful, it is the demonstration of such properties that can be the object of aesthetic appreciation.
In the first two of these statements, Kant comes back to the reasons, spelt out in detail in the body of the 'Critique of Aesthetic Judgment', for arguing against a conception of mathematical objects and their properties as beautiful. In the third claim, however, Kant seems to retract from an outright rejection of the possibility of aesthetic experience in mathematics.
Kant's position, this suggests, is more complex than one might expect upon first consideration.
But how should we understand the qualification made in (iii)? In what sense can mathematical demonstrations, but not the properties of mathematical objects, be regarded as beautiful?
To answer these questions, I focus on Kant's three claims in order. In Section 1, I
examine the type of purposiveness displayed by mathematical objects that, according to (i), is commonly regarded as the ground of beauty. I show that, according to Kant, mathematical objects display a formal and objective purposiveness insofar as they are conducive to solving mathematical problems without having been designed for the solution of those problems.
Section 2 discusses the reasons why mathematical objects that are purposive in this way cannot, according to (ii), be regarded as beautiful but must rather be considered as displaying a kind of perfection. As I spell out in this section, reflection on the purposiveness of mathematical objects can only ever lead to cognitive claims about those objects, but not to non-conceptual judgments that are the grounds of aesthetic pleasure. In Sections 3 and 4, I
then tackle the difficult question of how, according to (iii), we may nevertheless conceive of beauty in mathematical demonstrations. Thus, in Section 3, I show that what Kant allows as a 'rightful' (CJ, V 364) feeling of admiration in mathematics is a response to the surprising fit of our intellectual capacities involved in mathematical proofs. In particular, I suggest that on Kant's account we feel a sense of admiration in light of the harmony we experience between 4 our imaginative combination of the sensory manifold and our conceptual understanding of mathematical objects and their properties. Moreover, I argue in Section 4 that this feeling of admiration can adequately be identified as an aesthetic response. For, as I show, in providing non-conceptual sensory unities, the imagination makes a distinctive contribution to the process of demonstrating mathematical claims. The experience of beauty in mathematics, I thus claim, consists in an emotional response to this free and non-conceptual imaginative activity involved in mathematical proofs. I conclude, in the final section, by raising two questions about the scope of the Kantian account developed in this paper and by offering a suggestion for how this account may be extended beyond certain limitations of Kant's theory of mathematics. I
propose that understanding the experience of beauty in mathematics as a non-conceptual response generated by our own intellectual processes sheds new light on the phenomenon of mathematical beauty.
The formal purposiveness of mathematical objects
In §62 of the Critique of Judgment, Kant distinguishes the formal objective purposiveness of mathematical objects, such as geometrical figures and numbers, from the formal subjective purposiveness with which he is concerned in the 'Critique of Aesthetic Judgment', on the one hand, and, on the other, from the material objective purposiveness that is the main concern of the 'Critique of Teleological Judgment'.
The purposiveness of mathematical objects, Kant argues, consists in their conduciveness to solving 'a host of problems' in a way that appears surprisingly simple (CJ, V 362). Consider the geometrical figure of a circle, for instance. It is by means of this basic figure that we can solve the apparently difficult task of 'construct[ing] a triangle from a given baseline and the [right] angle opposite to it' (ibid.). While an infinite number of different solutions could be given to the problem, the circle that takes the baseline of the triangle as diameter provides one unified solution. It presents precisely that geometrical shape that contains all the missing points required for constructing a right-angled triangle. 7 Thus, by means of the simple figure of a circle we can encompass all possible solutions to the problem. It is in this sense that mathematical objects, as Kant argues, display 'a manifold and often admired [...] purposiveness' (ibid.).
Kant characterises the purposiveness thus attributed to mathematical objects as 'an objective purposiveness which is merely formal' (ibid.). The purposiveness is objective because it is a relation between objects, for example between the geometrical figures of circles and right-angled triangles. This contrasts with the subjective purposiveness of the objects of 5 aesthetic appreciation, which stand in a purposive relation to the subject. As Kant explains in the 'Analytic of Aesthetic Judgment', the objects of aesthetic appreciation are subjectively purposive insofar as our cognitive faculties, by reflecting on the form of these objects, are 'unintentionally brought into accord' (CJ, V 190) with one another. 8 Moreover, the purposiveness of mathematical objects is 'formal' (ibid.) since, although the objects are conducive to the solution of various problems and thus have the form of purposiveness, they have not in fact been created for the solution of those problems. This contrasts with the 'material' (CJ, V 362) purposiveness of objects that can only be conceived as the realisation of an intended purpose, which is 'the cause of the [object] (the real ground of its possibility)' (CJ, V 220). The purposiveness of the properties of a circle for constructing right-angled triangles thus differs from that of the properties of an artefact, such as a garden, for example, whose parts (e.g. trees, flower beds, and paths) have intentionally been designed and arranged so as to constitute a garden of a particular shape.
It is because mathematical objects display the form of purposiveness, even though they have not been designed for the realisation of any particular purpose, that, as Kant argues, their purposiveness is 'not expected from the simplicity of their construction' (CJ, V 366) and may, for that reason, surprise us. Moreover, it is because of this unexpected purposiveness that, as
Kant claims further, the properties of mathematical objects are commonly described in aesthetic terms:
(i) It is customary to call the properties of geometrical shapes as well as of numbers […] beauty, on account of a certain a priori purposiveness, not expected from the simplicity of their construction, for all sorts of cognitive use, and to speak of this or that beautiful property of, e.g., a circle, which is discovered in this way or that (CJ, V 365 f.).
Kant explicitly attributes this view to Plato, but also seems to have in mind the perfectionist conception, put forward by such rationalist thinkers as Christian Wolff, Alexander Gottlieb Baumgarten and Georg Friedrich Meier, and going back to Leibniz, which identifies beauty with the perception of some form of objective purposiveness in the object (or, alternatively, in the artistic representation of the object). 9 According to this conception, our experience of beauty consists in the sensory recognition that the perceived object displays a certain internal unity and harmony and a conduciveness to purposes. While proponents of this conception may have held different views about the precise nature of such recognition of perfection, they agree on the key claim that the experience of beauty is, at least in part, based on the experience of a property of purposiveness in the object itself.
6 purposiveness is something that can be known in the object, Kant also calls it an 'intellectual' purposiveness, that is, a purposiveness that 'is cognised through reason' (CJ, V 362). As he critically points out, it is the recognition of such -often unexpected and hence surprisingobjective and intellectual purposiveness that is commonly associated with the experience of beauty in mathematical objects.
Relative perfection rather than intellectual beauty
Kant crucially disagrees with the 'customary' view presented in (i). On his account, there is an important difference between the objective formal purposiveness we find in mathematics, on the one hand, and the subjective formal purposiveness that can be the ground of an experience of beauty on the other:
(ii) it is not an aesthetic judging by means of which we find them [i.e., the properties of mathematical objects] purposive, not a judging without a concept, which makes noticeable a merely subjective purposiveness in the free play of our cognitive faculties, but an intellectual judging in accordance with concepts, which gives us distinct cognition of an objective purposiveness, i.e., serviceability for all sorts of (infinitely manifold) purposes. One would have to call it a relative perfection rather than a beauty of the mathematical figure (CJ, V 366).
Kant agrees with the rationalists that the objective purposiveness of mathematical objects may be called a kind of perfection, that is, a perfection relative to the instantiation of a type, or the realisation of a purpose. He importantly disagrees with the further claim, however, that the perception of such relative perfection constitutes an experience of beauty. 11 Rather than consisting in the perception of some purposiveness in the object, the experience of beauty, for Kant, is the awareness of a purely subjective purposiveness that is independent of any conceptual cognition of the object. In contrast with our experience of the objective purposiveness of mathematical objects, the experience of beauty is not identifiable with any conceptual representation of purposiveness but can be perceived only through feeling.
In order to understand this claim, it is necessary to consider Kant's general views about aesthetic pleasure. As Kant explains in the 'Analytic of Aesthetic Judgment', the objects of aesthetic appreciation can be regarded as subjectively purposive insofar as, in reflecting on such objects, our cognitive faculties are brought into harmony with one another, a harmony that is experienced as aesthetically pleasing. What is important about this 7 harmonious interaction of the faculties is that it conforms to the general conditions of cognitive judgment without, however, leading to cognition. Successful cognitive judgments, on Kant's account, depend on the work of the imagination, the capacity to combine different sensible states and to be aware of such combination as a unity, and the understanding, the conceptual capacity by means of which we make sense of such unity as a unity of a specific sort. 12 Cognition is thus made possible, Kant argues, by an imaginative synthesis of the sensory manifold, which is subsumed under concepts by the understanding. Aesthetic judgments, by contrast, differ from such cognitive judgments insofar as they do not lead to any conceptual subsumption of the synthesis brought about by the imagination. While the imagination unifies the sensory manifold in a way that could in principle be brought under concepts by the understanding, no concept is in fact applied. Kant describes the interaction of imagination and understanding in such judgments as harmonious insofar as it is in accordance with the conditions of cognition in general. It can nevertheless be regarded as free and spontaneous insofar as the creative activity of the imagination, which 'gathers' and 'unites' elements of the sensory given, is unconstrained by the conceptual guidance and determination of the understanding (CPR, A 77 f./B 103). The resulting judgment remains purely reflective, that is, it consists in the free and non-conceptual consideration of the object without, however, leading to any determinate conceptual claim about the object. It is this attunement of our cognitive faculties in the face of beautiful objects, independent of any specific judgment about the object itself that, Kant argues, we experience as aesthetically pleasing. In regarding an object as beautiful, he claims, 'we are conscious' of the harmony of our intellectual capacities 'with the sensation of satisfaction' (CJ, V 204).
In contrast with the rationalists, Kant thus conceives of aesthetic judgments as only indirectly concerned with the object regarded as beautiful. Rather than consisting in determinate claims about some purposive property in the object, aesthetic judgments express the awareness of the free and creative activity of our own mental capacities, triggered by consideration of the object. Aesthetic judgments may thus be regarded as expressions of our feeling that something makes sense to us, where this feeling of making sense is only indirectly related to the objects thus experienced and directly connected with the harmony of own intellectual activities that we experience in the face of such objects. It is in this sense that beautiful objects may be regarded as subjectively and formally purposive -purposive, that is, for our intellectual capacities without, however, fulfilling any particular purpose that can be ascribed to the object.
On Kant's account, the subjective purposiveness appreciated aesthetically through feeling thus differs significantly from the objective purposiveness grasped cognitively in 8 mathematical objects. It is for this reason that Kant rejects the rationalist view that identifies the objective purposiveness of mathematical objects with the ground of an aesthetic appreciation. As we have seen, Kant argues that the objective purposiveness of mathematical objects and their properties must be conceived as a 'relative perfection' (CJ, V 366). This relative or, as Kant also calls it, 'external' (CJ, V 226) perfection of an object consists in its 'utility' (ibid.) or 'serviceability' (CJ, V 366) for some external purpose, that is, for the solution of mathematical problems. A judgment on the perfection of mathematical objects, rather than consisting in free and non-conceptual reflection, ascribes concepts to objects in a determinate way. Thales' Theorem, for instance, gives a conceptual account of the relation between the circle and the infinite number of right-angled triangles that have the diameter of the circle as their base. When, in mathematics, we feel pleased at the sight of a simple geometrical figure that aids the solution of a complex problem, the pleasure thus generated cannot, therefore, be a type of aesthetic appreciation. It is brought about not by the 'free and indeterminately purposive entertainment of the mental powers with that which we call beautiful' but by 'the approval of the solution that answers a problem' (CJ, V 242). Hence, judgments about the relative perfection of mathematical objects, Kant concludes, are not identifiable with aesthetic judgments but are concerned with a type of intellectual pleasure. Indeed, Kant leaves no room for ambiguity in distinguishing the two types of pleasure when he argues that '[t]he designation of an intellectual beauty cannot legitimately be allowed at all, for otherwise the word "beauty"
would have to lose all determinate meaning' (CJ, V 366). The appreciation of beauty, in short, has nothing to do with the satisfaction associated with the solution of intellectual problems.
The rationalists fall into error, Kant concludes, when they mistake intellectual for aesthetic pleasure in their analysis of our experience of mathematical objects.
Admiration for mathematical demonstrations
After rejecting the rationalist, or 'customary', view that ascribes aesthetic qualities to the purposive properties of mathematical objects, Kant makes his surprising third claim in which he appears to retreat from an outright rejection of aesthetic considerations in mathematics. As
Kant goes on to argue,
[o]ne could rather call a demonstration of such properties beautiful, since by means of this the understanding, as the faculty of concepts, and the imagination, as the faculty for exhibiting them a priori, feel strengthened (which together with the precision which is introduced by reason, is called its elegance): for here at least the satisfaction, although its ground lies in concepts, is subjective, whereas perfection is accompanied with an objective satisfaction (CJ, V 366). Having described how, in the history of mathematics, the geometers 'delighted' in the purposiveness of geometrical figures, Kant points out that this purposiveness may arouse in us a sense of admiration:
For in the necessity of that which is purposive and so constituted as if it were intentionally arranged for our use, but which nevertheless seems to pertain originally to the essence of things, without any regard to our use, lies the ground for the great admiration of nature [...] (CJ, V 363).
Kant suggests that we experience a sense of admiration when objects seem to us as if they were created for the realisation of our purposes, yet are not in fact so created. 18 This general account of admiration, however, immediately raises a question about the particular case of our admiration for mathematical objects. In the case of natural objects whose origin is independent of our purposes, it is indeed unsurprising that we may feel a sense of astonishment if those objects turn out to be conducive to our purposes. And yet, the case of mathematical objects is different insofar as these objects, as Kant also argues, are products of the human mind. 19 They are not things whose character is contingent and discovered by us only empirically, but objects whose particular nature is determined by a priori concepts. This is why objects of mathematics can be constructed, that is, exhibited in a priori intuition. 20 We can, in other words, produce sensible representations of mathematical concepts without recourse to any particular experience. Thus, while it may, of course, be true that we do not always construct mathematical objects in order to solve certain problems in mathematics, it is not obvious why we should be astonished at their apparent fit with the needs of human reason. For, in so far as they are the products of our own intellectual activity, they cannot but be in conformity with, and in this respect also purposive for, that activity. It seems, rather, that in the case of mathematical objects we ourselves 'introduce the purposiveness into the figure that [we] draw in accord with a concept' (CJ, V 365). 21 Why, then, should we be surprised by, and indeed feel admiration for, the apparent purposiveness of objects that we have constructed ourselves?
Even though mathematical objects are products of the human mind, Kant claims that they nevertheless elicit a 'rightful' (CJ, V 364) sense of admiration in us. I believe that what is important for understanding this experience of admiration is not, as Kant first seems to suggest, that we may mistake the a priori rules of construction for empirical ones. 22 What is important is rather that, on Kant's account, mathematical construction and, indeed, demonstrations that rely on such construction are dependent on intuition. In order to understand why we may feel a sense of admiration in mathematics, we thus need to appreciate Kant's characterisation of mathematical knowledge as synthetic a priori. 23 Although the concept of a circle, for instance, is an a priori concept, Kant argues that we cannot know of the particular properties of the circle and its conduciveness to the solution of difficult mathematical problems without constructing it in a priori intuition:
The many rules, the unity of which (from a principle) arouses this admiration, are one and all synthetic, and do not follow from a concept of the object, e.g., from that of a circle, but need this object to be given in intuition (CJ, V 364).
Similarly, 'curves yield […] purposive solutions that were not thought of at all in the rule that constitutes their construction' (CJ, V 363). We therefore cannot, according to Kant, infer the properties of a circle or a curve that are conducive to the solution of geometrical problems analytically but only synthetically by recourse to intuitive representation. And it is this dependency on intuition, I suggest, that ultimately grounds the experience of admiration in mathematics on Kant's account.
What, then, is it about the a priori synthetic nature of mathematical constructions and demonstrations that elicits such admiration? Given Kant's conception of mathematics, what is special about mathematical objects is not that they appear to us as if they were designed even though they are not. What generates surprise is rather that, through reflection on such objects, our conceptual understanding is in fact purposefully aided by the activities of imagination.
Even against the background of Kant's critical conception of mathematical objects as products of the human mind, it is astonishing that we can construct these objects in pure intuition and, by reflecting on them, extend our knowledge of them and their relation to other mathematical objects purely a priori. What is surprising, in other words, is the unlikely fit of the knowledge gained through sensible representations in a priori intuition 'with the principles already 12 grounded in the mind', that is, our conceptual understanding of the object (ibid. 'harmony' between our concepts given by the understanding and 'space, by the determination of which (by means of the imagination, in accordance with a concept) the object is alone possible' that is made evident in mathematical proofs (CJ, V 365). And it is this harmony, I
suggest, that is the ground of our admiration in mathematics.
Returning to the passage in which Kant characterises his general conception of the admiration of nature, it is then important not to overlook a final qualification of this conception:
For in the necessity of that which is purposive and so constituted as if it were intentionally arranged for our use, but which nevertheless seems to pertain originally to the essence of things, without any regard to our use, lies the ground for the great
admiration of nature, not outside of us so much as in our reason' (CJ, V 363; italics added).
What is considered as worthy of admiration, in the end, is not so much the nature of things in the external world but rather our own intellects. In the specific case of mathematics, it is not the objects of mathematics and their properties but our own intellectual capacities involved in mathematical demonstrations, understanding and imagination, that elicit in us a sense of admiration. The admiration we feel in mathematics is thus only indirectly a response to a particular proof, and directly linked to the fit of our conceptual capacity with the capacity of imagination.
Beauty in mathematical demonstrations
As Kant argues in §62, we naturally feel a sense of admiration in mathematics, not because of a formal purposiveness of mathematical objects for problem solving but because of the surprising harmony of our intuitive and conceptual capacities. Does this account help to answer the questions raised in the previous section about Kant's third claim? In particular,
should the admiration we may feel in the face of mathematical proofs really be characterised as an aesthetic response?
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Kant's account of admiration in mathematics shows some obvious dissimilarities with his account of the appreciation of beauty. Indeed, these dissimilarities may lead one to suspect that the former should not be identified with the latter. While aesthetic judgment is nonconceptual, in mathematical constructions the imagination provides a priori representations of concepts. Moreover, even though mathematical proofs are the basis of intuitive certainty, they also lead to conceptual cognition. While the proof of Thales' Theorem, for example, relies on intuition, this intuition itself grounds the knowledge that all points on the circle are the missing points of all possible right-angled triangles. One might therefore think that the harmony of imagination and understanding, occasioned by mathematical demonstrations, is not the harmony of free play, but rather the harmony associated with cognitive judgments, and judgments of perfection in particular, a harmony brought about by the guidance of a determinate concept.
And yet, while mathematical demonstrations are ultimately the ground of determinate knowledge claims, on Kant's account the imagination must nevertheless make a spontaneous and non-conceptual contribution to the processes that lead to such knowledge. As we have seen in the previous section, according to Kant it is through a priori intuitive representation that we gain insight into the properties of mathematical objects that could not be analytically inferred from their concepts. This process begins with the construction of an object according to a concept and ends with the cognitive judgment that the object has such-and-such properties. It is in between these two acts, I suggest, that the imagination makes a contribution that is free from conceptual determination. In order to substantiate this claim, we need to look more closely at the role imagination plays in learning something new about mathematical objects that was not entailed 'in the rule that constitutes their construction' (CJ, V 363).
Thus, in mathematical construction the imagination produces a representation in a priori intuition that provides an instance of a mathematical concept. While the result is an 'individual object', the construction nevertheless provides a 'universal' representation of all those objects that fall under the concept (CPR, A 713/B 741). It does so by representing the rule-governed 'act of construction' (CPR, A 714/B 742) or, as Kant puts it in the 'Schematism' chapter of the first Critique, the 'universal procedure' of producing the object (CPR, A 140/B 179). This characterisation of construction in mathematics indicates that the imagination, while generating non-conceptual and intuitive unities, does so in accordance with concepts. 24 Mathematical demonstrations do not, however, end but begin with the construction of mathematical objects. It is only through subsequent reflection on these objects that we can find out about their further properties such as, for example, the relation between a circle and 14 right-angled triangles. Subsidiary steps are thus required in order to prove a mathematical claim.
It is at this point, I suggest, that the activity of the imagination makes its original contribution. Insofar as mathematical knowledge is, on Kant's account, synthetic a priori, the subsidiary steps in a proof can consist neither in the analysis of the mathematical concepts thus instantiated nor in simply reading off hitherto unknown properties from empirically given data.
Rather than constructing an intuitive representation of what was already analytically entailed in the original concepts, and rather than considering sensory data provided to us empirically, the imagination spontaneously offers sensory unities that are produced independently of the determination of conceptual rules. We may think of this as imaginatively playing around with the mathematical objects constructed in a priori intuition before, subsequently, recognisingconceptually -that they have particular properties or stand in certain relations to one another.
The possibility of making the next step in a proof, I suggest, is grounded in this free play of our imaginative activities that offer different ways of combining the sensory manifold by, for instance, drawing new connections between mathematical objects that were not originally thought in the concepts of those objects.
In the proof of Thales' Theorem, for example, we start by constructing a circle and a triangle whose three points A, B and C lie on the circle and whose baseline AC is a diameter of the circle. Subsidiary steps involving auxiliary principles and constructions are then needed in order to prove the theorem. Thus, we can show that by dividing the triangle through a line drawn from the centre of the circle to point B, we obtain two isosceles triangles, that is, triangles whose base angles are equal. This turns out to be a crucial move in the demonstration, which enables us, by operations of addition and division, to prove that ABC is a right angle. 25 That the construction of two isosceles triangles will turn out to be a useful step in the proof cannot be known in advance, however. As Béatrice Longuenesse points out, the capacities involved in choosing the next step in a proof should rather be understood in the context of Kant's famous notion of 'mother wit'. 26 On this conception, the choice of intermediary steps in a proof depends for Kant 'on that particular aspect of the power of judgment' which is 'a talent that no learning of scholarly rule can replace'. That is, the choice of intermediary steps is not learnt, or deduced from given principles, but is dependent on one's aptitude for making the right judgment.
This proposal hints at the irreducible originality of the choice of moves that lead to the discovery of a proof in mathematics. I believe, however, that the capacity for judgment, or mother wit, ultimately relies on the contribution made by the free activity of the imagination.
For the ability to make the right judgment consists precisely in recognising that a universal 15 principle or concept is suitable for subsuming a particular given in sensibility. It is the imagination, I suggest, which first produces sensible unities in light of which the use of an auxiliary principle, such as the principle that all isosceles triangles have equal base angles, will appear more or less adequate. Rather than picking randomly between a set of principles, which are then presented in concreto through constructions in a priori intuition, in mathematical demonstrations we first produce sensible unities in imagination, which are subsequently subsumed under suitable principles. That is, free from the guidance of concepts, we imaginatively play around with the sensory manifold, combining and recombining it with the unities already constructed, thereby offering new intuitive unities to be recognised as falling under conceptual rules. In spontaneously offering new combinations of the sensory manifold in a priori intuition, the imagination thus makes possible the instantiation of subsidiary principles required for proving such mathematical claims as Thales' Theorem.
In this way we can arrive at a proof, conceptually spelt out as a series of inferences. But we do so only insofar as the imagination has already provided us with sensible unities that were not originally thought under the concepts with which we started. The presentation of a 'chain of inferences' (CPR, A 717/B 745), in other words, is possible only retrospectively and as a systematic presentation of a mathematical proof already discovered. The intellectual processes involved in the original discovery of the proof by the mathematician -as well as the subsequent recreation of such discovery processes by the mathematics student -however, are 'guided by intuition' (ibid.) and essentially involve the free activity of the imagination.
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If this suggestion is correct, then the cognition achieved through mathematical proofs is made possible by a spontaneous act of the imagination. Just as in aesthetic judgment, in mathematical demonstrations the imagination acts freely, unconstrained by, and yet in harmony with, the understanding. It would follow that the resulting fit between the spontaneity of the imagination, on the one hand, and the conceptual determination of the understanding, on the other, is itself undetermined by further conceptual rules and can therefore be regarded as free. There is, in other words, no further rule that can account for the harmony between the imaginative production of synthetic unities in a priori intuition and the conceptual cognition to which our imaginative activity leads. It is for this reason, I believe, that
Kant describes the harmony of imagination and understanding in this context as ultimately 'inexplicable' (CJ, V 365). Indeed, it is because of our astonishment at the inexplicable fit between intuition and understanding that, as Kant claims, we are led to 'have a presentiment
[ahnen] of something lying beyond those sensible representations, in which, although unknown to us, the ultimate ground of that accord could be found' (CJ, V 365). Even though we neither can nor need to know about this ultimate ground, we are evoked to think of it as the condition 16 of possibility of the agreement of our cognitive faculties. 28 Insofar as the harmony that is taken to lie in such an unknowable ground is itself inexplicable, moreover, it cannot be the source of an intellectual pleasure. The pleasure thus occasioned by mathematical demonstrations cannot be identified with that elicited by the discovery of a solution to a problem but consists in a subjective pleasure, a satisfaction felt in response to the inexplicable fit of imagination and understanding. 29 Can the pleasure experienced in response to mathematical demonstrations then be classed as an instance of aesthetic appreciation? As we have seen, Kant's account of admiration in mathematics shows some striking similarities with his account of the appreciation of beauty.
In both cases, we encounter a surprising fit of our intellectual capacities. The pleasure that is expressed in judgments of taste arises as a result of an unexpected agreement that we experience between formal aspects of the object and the requirements of our cognitive faculties. Similarly, in the case of our feeling of admiration for mathematical demonstrations,
we experience an unexpected agreement between our imaginative play with the sensory manifold in a priori intuition and the conceptual insight gained thereby. In the case of aesthetic judgment, Kant describes this harmony of the faculties as leading to an 'animation' or 'quickening' [Belebung] 'of both faculties (the imagination and the understanding)' (CJ, V 219).
Similarly, in the case of mathematical demonstrations, Kant argues that in their interaction imagination and understanding 'feel strengthened' (CJ, V 366). In both cases, the objects of appreciation may be considered as subjectively purposive, that is, as purposive for our intellectual capacities. In both cases, it is not the objective purposiveness of the objects themselves, but the subjective purposiveness we become aware of, respectively, on the occasion of mathematical demonstrations and beautiful objects that is the source of our admiration. And in both cases, finally, we are led to an intimation of the super-sensible as a ground of the marvellous harmony of our intellectual capacities.
According to these parallels, the admiration we may feel in the face of mathematical proofs can thus quite plausibly be regarded as an aesthetic appreciation. For although mathematical demonstrations lead to determinate judgments about mathematical objects that leave no room for the free play of the imagination, what elicits the experience of beauty in mathematics are not those objects or their properties themselves, or indeed their conduciveness to the solution of mathematical problems, but rather the free activity of our intellectual faculties that is employed in mathematical demonstrations. On Kant's account, judgments about the beauty of mathematical proofs, I therefore suggest, are a form of aesthetic judgment grounded in the creative process of the imagination that leads to such knowledge.
Conclusion
The foregoing discussion sheds light on the question of what, from a Kantian position, can be said about beauty in mathematics. For Kant, beauty is not a feature attributable to mathematical objects and their apparently purposive properties, but is experienced rather in the process of demonstrating mathematical theorems through a creative act of the imagination.
Insofar as this creative activity involves the free and spontaneous use of imagination which, though unconstrained by conceptual rules, nevertheless leads to conceptual insight, it points to the fit between our intellectual capacities. And it is the awareness of this fit that, on Kant's account, is experienced with a feeling of pleasure. Thus, the experience of mathematical beauty, according to this account, does not consist in a response to the surprising applicability of our mathematical concepts and theorems to empirical reality. Instead, it is generated by the awareness that our capacities for imaginative synthesis fit together with our conceptual capacities in a way that makes it possible for us to learn something genuinely new about a priori concepts by pure acts of imagination. It is the awareness of this harmony, elicited by the process of mathematical demonstration rather than the finished product, that is the basis of aesthetic experience in mathematics on Kant's account.
A discussion of the statements presented in §62 of the Critique of Judgment thus shows that Kant is indeed justified in making his rather suggestive claim (iii) in which he allows for a qualified conception of beauty in mathematics. The Kantian position draws out, in particular, the inherent connection between the creativity of mathematical proofs and the attribution of beauty to such proofs. And yet, this conclusion also raises a number of questions concerning, to a strictly formalist account of higher mathematics as concerned with statements that are nothing more than uninterpreted strings of symbols, it is undeniable that many mathematical proofs work without recourse to intuition. Again, it would seem ad hoc to rule out in principle, as the Kantian position appears to do, the possibility of ascribing beauty to mathematical proofs that are far removed from anything that can be represented intuitively. Can the Kantian account of mathematical beauty tell us anything more general about aesthetics in mathematics, including attributions of aesthetic features to purely formal demonstrations?
While a detailed treatment of these questions centring on Kant's controversial account of the synthetic a priori status of mathematics will have to be deferred to another occasion, I
would like to end by suggesting a way in which the Kantian proposal may be extended to contemporary discussions. As we have seen, the crucial insight of the Kantian account is that the experience of beauty in mathematics presents a non-conceptual response felt in light of our own creative imaginative activities involved in mathematical demonstrations. A more general lesson to be learnt from the Kantian account is possible, I believe, if we understand the creative practices and reasoning processes in mathematics that elicit an aesthetic response in a wider sense than the one proposed by Kant's account of our intellectual faculties. More specifically, our mathematical practices and reasoning processes may go beyond what Kant describes as the free and harmonious activity of the faculties of imagination and understanding and include, for instance, the interaction of visual and conceptual thinking as well as the purely formal manipulation of symbols. Even where intuitive representation in the Kantian sense is not necessary for mathematical demonstrations, visual representation may nevertheless guide mathematical thinking. 32 Visual representations may, for instance, provide alternative evidence for, and indeed first suggest, a mathematical theorem that can also be proven purely formally.
It seems plausible that, in such a case, the experience of beauty is a response to our awareness of the creative activity of visual representation, which is subsequently recognised as fitting our conceptual understanding of the theorem. 33 Moreover, in cases where mathematical proofs cannot be related to intuitive representation at all, and where only a purely formal proof of a theorem is possible, the discovery of such a proof may nevertheless involve reasoning processes that can be regarded as original and creative rather than governed by conceptual rules. In other words, while the mathematical proof may be strictly formal, the way in which the mathematician first came to think of it may not. In such a case, it still seems plausible to suggest that it is our awareness of the apparent creativity of thought in the actual practice of mathematics that can be appreciated aesthetically. 34 Extending the Kantian account of beauty in mathematics in the proposed direction promises to offer resources for a robust account applicable beyond the limits of the Kantian starting point. According to this account, mathematical beauty turns out to consist in a nonconceptual response generated by our own reasoning processes rather than a rational insight into mind-independent truths, as the Platonist holds. It is the Kantian characterisation of mathematical beauty as an emotional response to the creative intellectual processes that lead to mathematical knowledge, I believe, which makes sense of what seems so special about something striking us as beautiful amidst our attempts to gain mathematical cognition. 
